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a b s t r a c t
This study applied laser diffraction theory and forward kinematic analysis to propose a
mathematical model and a verification system for the four-degree-of-freedom motion
errors of a linear transmission mechanism. The mathematical model is derived using the
three-dimensional diffraction grating equation and a homogeneous transformationmatrix.
The verification system consists of a laser diode, a piece of transmission grating, and two
quadrant photodiode detectors. This system can measure the straightness errors in the
horizontal and vertical directions of a one-dimensional linear moving stage, as well as the
angular errors of pitch and yaw of this stage, based on the proposed mathematical model.
The experiment correction results for themathematical model showed that the accuracy of
this system inmeasuring the straightness errors in horizontal and vertical directionswithin
a±50µmmeasurement range is±1µm, and the accuracy inmeasuring the angular errors
of pitch and yaw within a±50 arc sec measurement range is±1 arc sec.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
The quality of mechanical systems is crucial for the development of industrial technology. In any mechanical design,
how to transmit and transform power is very important. The machinery must function as required through the movements
of components, and the transmission components and mechanisms must be used to realize the required movements and
functions. However, when the machinery is in motion, there will be transmission errors between the input and output of
these transmission components. Themathematicalmodel and an optical systemdesign formulti-degree-of-freedom (multi-
DOF) error measurement are developed to measure and calculate this multi-DOF error to improve the linear transmission
component error. Multi-DOF models and measurement systems to check the geometrical error of three-dimensional
measuring machines have previously been proposed [1–3]. In 1994, Shimizu et al. [4] developed a 6-DOF measurement
system consisting of three four-quadrant light sensors and a set of single-DOF laser interferometers, which could check the
6-DOF errors of one kinematic axis at the same time. In 1996, Lin [5] proposed a 5-DOF system consisting of three sets of
light sensors. In 1997, Chou et al. [6] developed a 5-DOF error detection system to replace the four-quadrant light sensor
by a CCD. In 2004, Liu [7] used a two-dimensional grating to develop an error measurement model for 21 geometric errors
measurement of computer numerical control (CNC) machine tools. In 2004–2009, Liu [8–10] used a reflective diffraction
grating to develop three measurement methods: (1) a diffractive-type laser triangulation sensor; (2) a new type of multi-
DOF optical encoder that takes a linearly polarized He–Ne laser as the light source and uses multiple four-quadrant position
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Fig. 1. Schematic diagram of the 4-DOF measurement system.
sensor signals and polarized interference signals, which could measure three angular error signals and one straightness
error signal at the same time, when measuring the displacement; (3) a grating-based rotary accuracy measuring method.
Jywe [11] developed a 6-DOF measuring system using six capacitance sensors. The mathematical error model is simple and
can directly calculate three linear displacements and three rotational displacements. This study proposes a mathematical
model and also develops a 4-DOF linear transmission errormeasurement system,which can detect two linear displacements
and two angular displacements at the same time. Using this model for the design of complicated functions, because of its
compact size and light weight, it is possible to design a small-scale error measuring system to provide online real-time
measurement and real-time compensation to improve accuracy.
2. Verification measuring system and mathematical model
The verification measuring system developed in this study is a 4-DOF error measuring system, which consists of a fixed
end and amoving part, as shown in Fig. 1. This system uses a laser diode as the light source, and produces diffraction through
a transmission grating. The 0th-order light shoots into a quadrant photodiode detector (QPD) and the positive first-order
light shoots into another quadrant photodiode detector.When themoving partmoveswith the laser, the position of the light
spot in the sensor changes; thus, the error information of the 4-DOF system can be deduced from the change of the light
spot position.When themoving part moves, the laser diodemoves as well. The error amount of themoving part will change
the position and angle of incident light with respect to the grating, and the light spot position on the quadrant photodiode
detector changes as well, so it is possible to calculate the error signals of various DOF systems. The displacements in the X
and Y directions, denoted by δx and δy, and the angular displacements around the X and Y axes, expressed as α, and β , are
measured by the system. The QPD0 and QPD1 displacements have specific proportional relations in their measurement, as
shown in Fig. 1. Various DOF movement errors are described below.
δx: The laser light spot has displacement in the X direction on two QPDs, but the+1 order diffracted light on QPD1 has one
more diffraction angle relation.
δy: The laser light spot has displacement in the Y direction on two QPDs.
α and β are calculated based on grating diffraction theory.
α: The light spot on+1 order light QPD1 deviates towards Y direction and the offset is large, the light spot on QPD0 shifts
towards the Y direction at Sy as shown in Fig. 2.
β: The laser light spot on the QPD shifts towards the X direction at Sx but the light spot on the positive 1st-order light QPD
has larger X-direction displacement, as shown in Fig. 2.
If the laser diode is not coincided with Z-axis, the variation of roll error can be regarded as the combination of the
displacements in the X and Y directions of the laser, so the value affects the measurement accuracy of this system
significantly. Therefore, the roll error should be concerned during light path alignment. Whether the shifting axle is parallel
to the optical axis can be determined according to the displacement change in the Z direction and the light spot position in
QPD0, so as to avoid the effects on the measurements in other directions.
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Fig. 2. Parameter definition.
Fig. 3. Schematic diagram of grating light path change (1).
According to Figs. 3 and 4, the coordinate systems of the system are usually non-orthogonal to each other, and they
have an offset. Thus, the rotation transformation matrix and translation vector of the three-dimensional coordinates are
defined as
bRa ,
cosβ cos γ sinα sinβ cos γ − cosα sin γ cosα sinβ cos γ + sinα sin γ
cosβ sin γ sinα sinβ sin γ + cosα cos γ cosα sinβ sin γ − sinα cos γ
− sinβ sinα cosβ cosα cosβ

(1)
a⇀sb ,

sx sy sz
T
. (2)
a⇀Sb is the translation vector between {a} and {b}, aRb is the coordinate rotation transformationmatrix between {a} and {b},
α, β , and γ represent the rotation angles of the X , Y , and Z axes respectively, and Sx, Sy, and Sz represent the displacements of
the axes. Let the coordinate system of the laser source be represented as {L}. The reference coordinate system is represented
as {R}. The coordinate system of the grating is {G}. The coordinate systems of QPD0 and QPD1 are represented as {P0} and
{P1}, respectively. The original points can be represented as p0 and p1, respectively.
The unit vector from the laser source to the grating is
L ⇀ u1 =

0 0 −1T . (3)
As shown in Fig. 3, when the laser has a displacement, the position of the spot on the grating is G′, and the displacement
vector in relation to the reference coordinate can be expressed as
G⇀sG′ = GRL
L⇀sG′  L⇀u1 + G ⇀ sL. (4)
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Fig. 4. Schematic diagram of the grating bypath change (2).
GRL is the rotational matrix due to the angular change in the laser coordinate system and grating coordinate system.
G⇀SL =

δx δy δz
Tis the translation of the laser diode. L⇀SG′  is the distance between the laser diode and point G′.
As the Z-direction displacement on the grating is zero, i.e. G⇀SG′ |z = 0, this can be used to calculate the unknown
L⇀SG′ ,
i.e.
L⇀sG′  = −
G⇀sL

z
GRLL⇀u1
 
z
, (5)
where G⇀SL

z
, (GRLL⇀u1)

z
denote the components of G⇀SL and GRLL⇀u1 in the Z-axis, respectively.
As shown in Fig. 4, the output displacement of zeroth-order and positive first-order light on the QPDs can be represented
as two vector equations.
pm⇀sp′m = pmRG
G′⇀sbm  G′⇀ubm + G⇀sG′+ pm⇀sG, m = 0, 1. (6)
PmRG are two rotational matrixes between the detector coordinate systems and the grating coordinate systems. pm⇀sp′m are
the vector between the laser point p′m and original point pm on detectors.
G′⇀sbm  are the distance between the point G′ and
p′m. G
′⇀ubm are the unit vectors of zeroth-order and positive first-order diffracted light from point G
′ in coordinate system
{G}. As for the unit vector G⇀ub0 , if the unit vector
L⇀u1 of the laser is converted to {G}, then
G⇀ub0 = GRLL⇀u1
,

G′⇀ub0

x
G′⇀ub0

y
G′⇀ub0

z
T
. (7)
As for the unit vector G⇀ub1 , according to the grating diffraction equation, then
G′⇀ub1 =
G′⇀ub0 
x
+mλ
d
G′⇀ub0

y
−
1− G′⇀ub0 
x
+mλ
d
2
−

G′⇀ub0

y
2
T
,

G′⇀ub1

x
G′⇀ub1

y
G′⇀ub1

z
T
. (8)
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There is no displacement in the Z-direction on the QPD, so pm⇀sp′m

z
= 0 is substituted in the above equation to give
G′⇀sbm  = −

pm⇀sG + PmRGG⇀sG′
 
z
PmRGG
′⇀ubm
 
z
, m = 0, 1. (9)
The variation of the spot position of laser on theQPDafter displacement can be obtained by using forward kinematics and the
grating diffraction equation according to the above relationships. Finally, the inverse solution calculation is finished using
the Newton iteration method by computer computation, so as to determine the actual motion error amounts measured by
the verification system.
3. Analysis of uncertainty of mathematical model
The relationships between the X and Y light spot positions of the QPD and motion errors (δx, δy, α, β) are expressed as
follows:
x0 = fx0 (δx, δy, α, β)
y0 = fy0 (δx, δy, α, β)
x1 = fx1 (δx, δy, α, β)
y1 = fy1 (δx, δy, α, β) . (10)
The relationships between the X , Y light spot position variations of the QPD and the error variations (∆δx,∆δy,∆α,∆β)
are expressed as follows:
∆x0 = ∂ fx0
∂δx
∆δx+ ∂ fx0
∂δy
∆δy+ ∂ fx0
∂α
∆α + ∂ fx0
∂β
∆β
∆y0 = ∂ fy0
∂δx
∆δx+ ∂ fy0
∂δy
∆δy+ ∂ fy0
∂α
∆α + ∂ fy0
∂β
∆β
∆x1 = ∂ fx1
∂δx
∆δx+ ∂ fx1
∂δy
∆δy+ ∂ fx1
∂α
∆α + ∂ fx1
∂β
∆β
∆y1 = ∂ fy1
∂δx
∆δx+ ∂ fy1
∂δy
∆δy+ ∂ fy1
∂α
∆α + ∂ fy1
∂β
∆β. (11)
These are expressed in matrix form as
D = JE, (12)
where
D =
∆x0∆y0∆x1
∆y1
 , J =

∂ fx0
∂δx
∂ fx0
∂δy
∂ fx0
∂α
∂ fx0
∂β
∂ fy0
∂δx
∂ fy0
∂δy
∂ fy0
∂α
∂ fy0
∂β
∂ fx1
∂δx
∂ fx1
∂δy
∂ fx1
∂α
∂ fx1
∂β
∂ fy1
∂δx
∂ fy1
∂δy
∂ fy1
∂α
∂ fy1
∂β

, E =
∆δx∆δy∆α
∆β
 ,
and J−1 is the inverse matrix of J. With the geometric parameters and noise level of two detectors of the verification system,
the relationships between the error variations (∂δx, ∂δy, ∂α, ∂β) and the X , Y light spot position variations of the QPD can
be expressed as
E = J−1 × D =

5.37766435 −9.80225235 −4.62895154 9.80225235
0 8.56338028 0 −7.56338028
0 −7.04225 ∗ 10−5 0 7.04225 ∗ 10−5
4.07603 ∗ 10−5 −4.42483 ∗ 10−10 −4.31001 ∗ 10−5 4.42483 ∗ 10−10

∆x0∆y0∆x1
∆y1
 . (13)
The equation for calculating the combined standard uncertainty (u) is expressed as
uc(i) =

4
j=1
T 2ij σ
2
j
1/2
, (14)
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Fig. 5. Straightness error (δx) validated by an HP 5529A laser interferometer and this system.
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Fig. 6. System standard deviation of measured straightness error (δx).
where uc(i) denotes the compound standard deviation of the ith sensing direction, and Tij is the component of J−1 in
the ith row and jth column. σj is the standard deviation of the jth detector output. Finally, the standard deviation of
the measurement system is substituted in Eq. (14) to calculate the system standard deviation uncertainty. The error
measurement is shown below.
uc (δx) = ±0.2 µm
uc (δy) = ±0.3 µm
uc (α) = ±0.5 arc sec
uc (β) = ±0.3 arc sec.
4. Experimental results
This study used an HP 5529A laser interferometer calibration system to validate the linear straightness error and angular
error of the system, because it has 10 nm resolution and 0.1 s angular resolution. In order to obtain the optimum working
range and precise system accuracy, the 4-DOF system was verified, and the experiment was repeated three times. The
validation results are shown in Figs. 5–12. The δx error measurement result shows that the measurement range is±50 µm,
and the measurement accuracy is about ±1 µm. The system standard deviation is below 0.2 µm, as shown in Figs. 5 and
6. The δy error measurement result shows that the measurement range is ±50 µm, the measurement accuracy is about
±1 µm, and the system standard deviation is below 0.2 µm, as shown in Figs. 7 and 8. The α error measurement result
shows that the measurement range is±50 arc sec, the measurement accuracy is about±1 arc sec, and the system standard
deviation is below 0.5 arc sec, as shown in Figs. 9 and 10. The β error measurement result shows that the measurement
range is ±50 µm, the measurement accuracy is about ±1 arc sec, and the system standard deviation is below 0.4 arc sec,
as shown in Figs. 11 and 12. The mathematical model is successfully verified using the HP laser interferometer calibration
system and the verification system developed. Also, the experimental results and theoretical analysis of uncertainty are
almost the same.
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Fig. 7. Straightness error (δy) validated by an HP 5529A laser interferometer and this system.
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Fig. 8. System standard deviation of measured straightness error (δy).
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Fig. 9. Angular error (α) validated by an HP 5529A laser interferometer and this system.
5. Conclusions
This study used a transmission grating as the error transmission medium to build a theoretical model of the multi-DOF
error of a linear transmission mechanism. The error model is successfully verified by a design verification measurement
system. The designed systemhas a simple structure, is of low cost, and is convenient to install and use. The uncertainty of the
model is analyzed. Based on experimental validation, the results showed that this systemmodel,which contains straightness
errors (δx, δy) and two angular errors (α, β), as well as 4-DOF errors, is successfully verified by the laser interferometer
calibration system.
Acknowledgment
This work was supported by the National Science Council of Taiwan under grant NSC 100-2221-E-005-091-MY3.
820 H.-W. Lee et al. / Computers and Mathematics with Applications 64 (2012) 813–821
0
0
20 40 60–20–40–60
St
an
da
rd
 d
ev
ia
tio
n 
(ar
cse
c) 
Calibrated angular displacement (arcsec)
0.1
0.2
0.3
0.4
0.5
0.6
0.7
Fig. 10. System standard deviation of measured angular error (α).
1
0.5
0.5
0
–1
–1.5
0 20 40 60–20–40–60
 
β (
arc
sec
)
Calibrated angular displacement (arcsec)
Fig. 11. Angular error (β) validated by an HP 5529A laser interferometer and this system.
0 20 40 60–20–40–60
St
an
da
rd
 d
ev
ia
tio
n 
(ar
cse
c) 
0.25
0.3
0.35
0.4
0.45
0.5
Calibrated angular displacement (arcsec)
Fig. 12. System standard deviation of measured angular error (β).
References
[1] J. Ni, P.S. Huang, S.M. Wu, A multi-degree-of-freedommeasurement system for CMM geometric errors, J. Engng. Ind 114 (1992) 362–369.
[2] P.S. Huang, J. Ni, On-line error compensation of coordinate measuring machines, Int. J. Mach. Tools Manuf. 35 (1995) 725–738.
[3] C.H. Liu,W.Y. Jywe, C.C. Hsu, T.H. Hsu, Development of a laser-based high-precision six-degrees-of-freedommotion errorsmeasuring system for linear
stage, Rev. Sci. Instrum 76 (2005) 55110–55116.
[4] S. Shimizu, H.S. Lee, N. Imai, Simultaneous method of table motion error in 6 degrees of freedom, Int. J. Japan Soc. Prec. Eng. 288 (1994) 273–274.
[5] P.D. Lin, K.F. Ehmann, Sensing of motion related errors in multiaxis machines, J. Dyn. Syst. Meas. Control-Trans. ASME. 118 (1996) 425–431.
[6] C. Chou, L.Y. Chou, C.K. Peng, K.C. Fan, CCD-based CMM geometrical error measurement using fourier phase shift algorithm, Int. J. Mach. Tools Manuf.
37 (1997) 579–590.
[7] C.H. Liu, W.Y. Jywe, T.H. Hsu, The application of the double-readheads planar encoder system for error calibration of computer numerical control
machine tools, Proc. Inst. Mech. Eng. Part B-J. Eng. Manuf. 218 (2004) 1077–1089.
[8] C.H. Liu, W.Y. Jywe, C.K. Chen, Development of a diffraction-type optical triangulation sensor, Appl. Optics 43 (2004) 5607–5613.
H.-W. Lee et al. / Computers and Mathematics with Applications 64 (2012) 813–821 821
[9] C.H. Liu, H.L. Huang, H.W. Lee, Five-degrees-of-freedom diffractive laser encoder, Appl. Optics 48 (2009) 2767–2777.
[10] C.H. Liu, W.Y. Jywe, L.H. Shyu, C.J. Chen, Application of a diffraction grating and position sensitive detectors to the measurement of error motion and
angular indexing of an indexing table, Precis. Eng. 29 (2005) 440–448.
[11] W.Y. Jywe, Y.R. Jeng, J.C. Shen, C.H. Liu, Y.F. Teng, Y.T. Jian, H.S. Wang, Development of a novel multi-axis nano-positioning and the spiral tracking
control, J. Chin. Soc. Mech. Eng. 30 (2009) 343–350.
